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Abstract 
 This paper aims to study failures at the interface of a surface coating with perfect bonding 
subjected to thermal loads. The finite element method with elastoplastic constitutive relations is employed 
in order to simulate the interfacial characteristics of a film/substrate system. In addition, the 
configurational (or inhomogeneity) force based on the concepts of Eshelby’s energy momentum tensor is 
also introduced and numerically evaluated by the finite elements. In context of the variation and 
magnitude of the inhomogeneity forces at the interface, effects of small interfacial roughness, crystal 
morphology, and temperature gradient are examined and discussed as a cause to generate a driving 
force of delamination. 
Keywords: Debonding, Inhomogeneity force, Thermal stress, Finite element analysis. 
 

1. Introduction 
 For some structural parts which are 
coated with different materials in order to 
improve their resistances to corrosion and/or 
high thermal environments, an interfacial 
debonding is one of the important problems to 
be considered. Mismatch of the coefficients of 
thermal expansion and residual stresses are the 
primary causes of this failure. The problems are 
generally modeled as film/substrate systems 
subjected to thermal loading and the film has 
higher coefficient of thermal expansion than the 
substrate. Therefore the biaxially compressive 
stresses will be induced in the film and cause 
the film to debond and buckle. These models 
have been studied based on fracture mechanics 

or combined with buckling (see, for example, [1-
7]) which an initial crack or delamination must be 
assumed at the interface. Interfacial roughness 
was also considered by Hutchinson et al [5] and 
Liu et al [7]. Theoretical and numerical analyses 
were used and yielded very good results for 
some parameters such as stress intensity 
factors, energy release rates, and stress 
distributions. These solutions are related to the 
critical load and geometry of the models which 
affect to the propagation of the crack or 
delamination. 
 The researches above have been 
focused on geometry of the model such as 
thicknesses of the film and the substrate, shapes 
and dimensions of the debonding part, and 
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surface roughness at the interface. An effect of 
temperature gradient was included in some 
studies [1, 7]. However, these studies may 
produce only the solutions or charts which will 
be guidelines for design processes or be 
suggestions for properly working conditions of 
coated structures. The questions such as “What 
are the parameters which act like a driving force 
of the debonding in microscopic scale?” and 
“What will happen if the initial delamination is not 
assumed?” have been remaining. So, in the 
present study, we model the film/substrate 
system in a quasi-crystal scale in order to study 
the microscopic behavior of surface coating. The 
effects of crystal morphology, interfacial 
roughness, and temperature gradient are 
considered and the healthy bonding is also 
assumed. The problem is firstly modeled by the 
finite element method and then analyzed in the 
framework of the concept of configurational 
mechanics [8-10] or mechanics in material space 
[11] which is based on the energy-momentum 
tensor, introduced by Eshelby in 1951 [12]. 
 A three-dimensional finite element 
method with thermo-elastoplastic constitutive 
model is carried out in order to simulate the 
thermomechanical response of a coated layer. 
An eight-node brick element with stabilized 
technique [13] is employed and formulated to a 
simple cubic block by using the voxel mesh 
generation. Material anisotropy with temperature 
dependence of the film and the substrate is also 
accounted. The anisotropic vectors 𝒎(1), 𝒎(2), 

and 𝒎(3)  of each crystal are mutually 
orthogonal in the initial state and evolve during 
the deformation. We use kinematic hardening 

rule in plastic deformation. Material model and 
the configurational force concepts will be briefly 
described in the following section. Then the 
analytical scheme and numerical results will be 
discussed. 
2. Material Model and Configurational Forces 

 The material in this study is a nickel film 
deposited to a martensitic stainless steel by an 
electrochemical process. It is designed for a 
stamping tool of CD and/or DVD at high 
temperature. The coated structure is subjected 
to the temperature that slowly increased from 
0C to 500C. In laboratory, the test pieces are 
prepared and, after tests, the delamination can 
be observed and verified by the indentation 
testing [14]. 
2.1 Models of film/substrate system 
 The test specimen is a beam with 
coated layers on top and bottom sides as shown 
in Fig. 1. Due to its symmetry, a small cubic 
element at an upper half of a symmetric plane is 
selected as a model of the film/substrate system. 
Each crystal is drawn in distinct color and the 
film and the substrate are separately displayed 
but they are connected in the real analysis. The 
thermal expansion coefficients are set to 
1.010-5 1/C, and 1.310-5 1/C for the steel 
and nickel layer, respectively. It is assumed that 
the temperature dependence of the yield stress 
and Young’s modulus are set to be decreasing 
functions linear on the temperature. 
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Fig. 1 A cubic crystal model of a coated body. 

 
2.2 Constitutive Relations 
 In the following, we briefly summarize 
the constitutive model for anisotropic thermo-
elasto-plastic materials with temperature 
dependence based on our recent work [14]. 
 The total strain rate can generally be 
decomposed into the elastic 𝜀 𝑖𝑗𝑒 , plastic 𝜀 𝑖𝑗

𝑝 , and 
thermal strain rates 𝜀 𝑖𝑗𝑡  as 
 𝜀 𝑖𝑗 = 𝜀 𝑖𝑗

𝑒 + 𝜀 𝑖𝑗
𝑝
+ 𝜀 𝑖𝑗

𝑡  (1) 
The elastic component follows the Hooke’s law 
of linear elasticity with cubic anisotropy and 
temperature dependence. By applying Spencer’s 
works [15] to the fourth order elasticity tensor 
and limit our reduction to the simple cubic 
anisotropy, the elasticity tensor takes the form 
 𝐸𝑖𝑗𝑘𝑙 = 𝜇 𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘  + 𝜆𝛿𝑖𝑗 𝛿𝑘𝑙  

            +𝑎𝑒(𝐿𝑖𝑗 𝐿𝑘𝑙 +𝑀𝑖𝑗 𝑀𝑘𝑙  (2) 
            +𝑁𝑖𝑗 𝑁𝑘𝑙 )θ(𝑇) 
𝐿𝑖𝑗 , 𝑀𝑖𝑗 , and 𝑁𝑖𝑗  are structural tensors and are 
defined by 
 𝐿𝑖𝑗 = 𝑚𝑖

(1)
𝑚𝑗
(1)

−
1

3
𝛿𝑖𝑗  

 𝑀𝑖𝑗 = 𝑚𝑖
(2)

𝑚𝑗
(2)

−
1

3
𝛿𝑖𝑗  (3) 

 𝑁𝑖𝑗 = 𝑚𝑖
(3)

𝑚𝑗
(3)

−
1

3
𝛿𝑖𝑗  

where the anisotropic vector 𝑚𝑖
(𝑘) (𝑘 = 1, 2, and 

3) are mutually orthogonal and the intensity of 
the preferred orientation is identical. There are 
four material parameters which are Lame’s 

constant 𝜇 and 𝜆, elastic anisotropy 𝑎𝑒  and the 
temperature dependent term θ(𝑇) , for the 
elastic part. 
 For plastic part, a quadratic yield 
function within a special case of Hill’s formula is 
employed for the yield criterion, accounting for 
the kinematic back stress [14, 16]. The yield 
function is expressible in 
 𝐹 =

1

2
𝐴𝑖𝑗𝑘𝑙  𝜎𝑖𝑗 − 𝛽𝑖𝑗   𝜎𝑘𝑙 − 𝛽𝑘𝑙   (4) 

                −
1

3
𝜎𝑌
2 = 0 

The fourth order tensor takes a similar form to 
elasticity tensor as 
 𝐴𝑖𝑗𝑘𝑙 =

1

2
 𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘  −

1

3
𝛿𝑖𝑗 𝛿𝑘𝑙  

              +𝑎𝑝(𝐿𝑖𝑗 𝐿𝑘𝑙 +𝑀𝑖𝑗 𝑀𝑘𝑙 + 𝑁𝑖𝑗 𝑁𝑘𝑙 ) (5) 
We use the Ziegler law for the evolution of the 
back stress and assume that stress-strain 
relation follows the power law as 
 𝜎 = 𝑐(𝑏 + 𝜀 𝑝)𝑛  (6) 
where 𝜎  and 𝜀 𝑝  are the equivalent stress and 
strain, respectively. The parameter 𝑐  depends 
on temperature so that the initial yield stress 
𝜎𝑌 = 𝑐𝑏𝑛  is also dependent on temperature. 
We have four material parameters 𝑎𝑝 , 𝑐, 𝑏, and 
𝑛  for plasticity where 𝑎𝑝  stands for plastic 
anisotropy. 
 For the thermal part, the thermal 
expansion is still isotropic for cubic anisotropy 
and can be written as 
 𝜀 𝑖𝑗 = 𝛼𝑇 𝛿𝑖𝑗  (7) 
where 𝛼  and 𝑇  are an average thermal 
expansion and temperature, respectively, and 
𝛿𝑖𝑗  is the Kronecker’s delta. 
 The finite element model is implemented 
based on the updated Lagrangian (UL) 
formulation. A simple cubic block with crystal 
morphology is formulated by Voronoi tessellation 
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and voxel mesh generation. The film/substrate 
model is heated up to a designated temperature 
by prescribing the displacement in accordance 
with every step of an incremental temperature. 
2.3 Configurational Forces 
 While the Newtonian concept of a force 
concerns with the motion and/or deformation of 
an object in the space (which will be called the 
physical space) of our surroundings, the 
Eshelbian force is an energy change of a system 
due to defects or inhomogeneities which alter 
the configuration of that system [11]. In his 
paper [12], Eshelby introduced the concept of 
the energy momentum tensor as a rate of 
change of the energy density with respect to the 
position of the defect (or singularity). This was 
done in a space which is later called material 
space [8, 11]. We mention here that the 
configurational forces [9, 11, 17, 18], the 
material forces [11, 19, 20], and the 
inhomogeneity forces [8], are identical and are 
based on the same concept of force. In the 
following paragraphs we briefly outline the 
derivation of the configurational force and apply 
it to this problem. 
 For finite deformation theory, the static 
equilibrium equation in the physical space can 
be expressed as 
 𝜕𝑃𝐾𝑖

𝜕𝑋𝐾
+ 𝑓𝑖 = 0 (8) 

where 𝑃𝐾𝑖 = 𝜕𝑊 𝜕𝐹𝑖𝐾  is the first Piola-
Kirchhoff stress tensor, 𝑓𝑖  is a body force, 𝑋𝐾 
denotes coordinates with respect to the 
reference configuration and W  stands for a 
strain energy density which is a function of the 
deformation gradient 𝐹𝑖𝐾 . For inhomogeneous 
materials, the strain energy density will depend 

on the deformation gradient and also the 
position itself. Therefore it should be expressed 
as 𝑊(𝐹𝑖𝐾 , 𝑋𝐾) . In absent of the body force 
(𝑓𝑖 = 0) , applying the virtual work principle to 
Eq. (8) with 𝛿𝑥𝑖 = −𝐹𝑖𝐿𝛿𝑋𝐿, thus 
  𝛿𝑥𝑖

𝜕𝑃𝐾𝑖

𝜕𝑋𝐾
𝑑𝑉 = −  𝐹𝑖𝐿𝛿𝑋𝐿

𝜕𝑃𝐾𝑖

𝜕𝑋𝐾
𝑑𝑉 (9) 

                           = 0 
and after manipulating several integration by 
part, we obtain 
  𝛿𝑋𝐿  

𝜕𝑏𝐾𝐿

𝜕𝑋𝐾
+ 𝑓𝐿

𝑖𝑛ℎ 𝑑𝑉 = 0 (10) 
where 𝑏𝐾𝐿 = 𝑊𝛿𝐾𝐿 − 𝑃𝐾𝑖𝐹𝑖𝐿  is the Eshelby 
stress tensor or energy momentum tensor, and 
𝛿𝐾𝐿 is the Kronecker delta function. In addition, 
a kind of body force arising due to a 
nonvanishing configurational (or inhomogeneity) 
force in material space is given by 
 𝑓𝐿

𝑖𝑛ℎ = −  𝜕𝑊

𝜕𝑋𝐿
 
𝑒𝑥𝑝𝑙

 (11) 

Here the subscript 𝑒𝑥𝑝𝑙  denotes the explicit 
derivative of 𝑊 with respect to the position 𝑋 in 
the reference configuration. 
 From Eq. (10), the local form of the 
equilibrium equations in the material space can 
be written as 
 𝜕𝑏𝐾𝐿

𝜕𝑋𝐾
+ 𝑓𝐿

𝑖𝑛ℎ = 0 (12) 
which has an identical form as Eq. (8). 
 To obtain the inhomogeneity force, 
integrate Eq. (12) over a small volume 𝑉0  and 
adopting the divergence theorem as 
  𝜕𝑊

𝜕𝑋𝐿
 
𝑒𝑥𝑝𝑙

∙ 𝑉0 ≅ −  𝑓𝐿
𝑖𝑛ℎ𝑑𝑉  

                         =  𝑏𝐾𝐿𝑁𝐾𝑑𝑆 (13) 
                         =  (𝑊𝛿𝐾𝐿 − 𝑃𝐾𝑖𝐹𝑖𝐿)𝑁𝐾𝑑𝑆 

 Applying the Eq. (13) to non-isothermal 
processes, when subtracting the thermal 
expansion component from the total deformation, 
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i.e. 𝑭 𝑒𝑝 = 𝑭𝑭𝜃−1 , we get the inhomogeneity 
force as 
 𝐺𝐿

𝑖𝑛ℎ =  𝑏 𝐾𝐿𝑁 𝐾𝑑𝑆 
              =  (𝑊 𝛿𝐾𝐿 − 𝑃 𝐾𝑖𝐹 𝑖𝐿)𝑁 𝐾𝑑𝑆 (14) 
at the intermediate configuration. 𝑊  and 𝑃 𝐾𝑖  in 
Eq. (14) are also evaluated as the net elastic-
plastic strain energy density and the first Piola-
Kirchhoff stress tensor at the intermediate 
configuration. It should be noted here that 
𝐺𝐿

𝑖𝑛ℎ = 0 if the body is homogeneous and no 
other material and geometric discontinuities such 
as bimaterials and a crack, respectively. 
 In case of small deformation, Eq. (14) 
can be rewritten as 
 𝐺𝑙

𝑖𝑛ℎ =  (𝑊𝛿𝑘𝑙 − 𝜎𝑘𝑖
𝜕𝑢𝑖

𝜕𝑥𝑙
)𝑛𝑘𝑑𝑠 (15) 

where 𝜎𝑘𝑖  is the Cauchy stress, 𝑥𝑙  stands for 
the coordinates with respect to the current 
configuration, and 𝑢𝑖  are the displacements. It 
can be pointed out that, one of the components 
of 𝐺𝑙

𝑖𝑛ℎ , i.e. 𝑙 = 1 , in Eq. (15) can be 
expressed as 
  𝐺1𝑖𝑛ℎ = 𝐽 =  (𝑊𝑑𝑥2 − 𝜎𝑘𝑖

𝜕𝑢𝑖

𝜕𝑥1
𝑛𝑘𝑑𝑠) (16) 

which is the Rice’s J-integral [25] in two 
dimensions. In comparison, the inhomogeneity 
force is proportional to the square of the 
macroscopic average stress as the J-integral 
which is proportional to the square of the stress 
intensity factor. In addition, the planar 
component of the inhomogeneity force can be 

defined as  𝐺𝑥
𝑖𝑛ℎ2 + 𝐺𝑦

𝑖𝑛ℎ2/𝑎𝑟𝑒𝑎  which 
would be an important quantity in order to 
examine other parameters which may affect to 
the driving force of the debonding at the 
interface of bimaterial structures. 

3. Analytical Scheme 

3.1 Model Setting 
 Two main analytical models A and B 
with different sizes are generated as shown in 
Fig. 2. The model A has a substrate block size 
of 264264214 𝜇𝑚  with 666630 cubic 
elements whereas the coated layer has a size of 
26426410 𝜇𝑚  with 66665 elements. At 
this level the effect of crystal morphology may 
appear. The color contour in each crystal implies 
distinct crystals with the same set of orientation 
𝒎(𝑖) . Therefore, the finite element model 
reflects a real material but sufficiently simplified. 
This model is used to examine the effect of 
interfacial roughness and crystal morphology. 
For the model B, a size of the substrate is five 
times larger than the model A’s which is 
1.321.321.07 mm while a size of the film is 
ten times thicker, i.e. 1.321.320.10 mm. At 
this level the microscopic effect for the layer may 
be neglected. So we can assume that the film 
material is isotropic while the crystal-like 
structure still remains for the substrate with the 
average size of about 80 𝜇𝑚 . This model is 
used to evaluate the effect of temperature 
gradient in thickness direction. A small 
roughness is still introduced at the interface. The 
material is heated up from 0C to 550C which 
induces the compressive stresses into the film. 
However, elastic deformation is mostly observed 
while plastic yielding will be appeared around 
500C. 
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Fig. 2 Analytical model of coated materials. 

3.2 Scenario of the Analysis 
 To evaluate the variation of the 
inhomogeneity forces in terms of interfacial 
roughness and crystal morphology, we divided 
the model A into three sub-models as follows: 
(A1) Absolutely flat plane at the interface, 
which only crystal morphology will affect the 
inhomogeneity forces, 
(A2) Random interfacial roughness within 0.2 
m height at every node, and 
(A3) Random interfacial roughness within 0.6 
m height in order to emphasize the roughness 
effect. 
In this analysis, the temperature is assumed to 
be uniform for the whole body. 
 In our problem, coated layers are used 
in high temperature conditions. So, we examine 
the effects of the temperature gradient on 
another model B. The temperature distribution is 
uniform in any planar direction while it is a linear 
function in the thickness direction. Three sub-
models B are: 
(B1) No temperature gradient, i.e. the 
temperature is uniformly heated up for whole 
body, 

(B2) Reduce of 10C in the total thickness of 
1.17 mm from top to bottom surface, 
(B3) Reduce 20C in the total thickness. 
Note that we set a small difference in 
temperature only 1 and 2C within the thickness 
of the layer to reduce the effect of bending to 
the variation of the inhomogeneity forces. The 
interfacial roughness within 1 𝜇𝑚  is also 
introduced in order to proportional to the case 
A2, accounting for the difference of the sizes 
between two models. 

4. Equivalent Plastic Strain 
 From the finite element method, Fig. 3 
shows the equivalent plastic strain distribution of 
the film on the substrate at 500C while most of 
the substrate part is still in an elastic range due 
to their largely different dimension in the 
thickness direction. A wavy pattern with relatively 
long space frequency can be found, which 
implies that not only the crystal morphology of 
film but also the crystal of substrate affects the 
deformation characteristics of the film layer. 
However, the effect of surface roughness slightly 
develops in the analysis because of the 
constraint by the substrate. However, we cannot 
obtain any more details that which parameters 
have more influence to the driving force of the 
delamination from this simulated result.  
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Fig. 3 Accumulation of equivalent plastic strain in 

the film. 
5. Evolution of Inhomogeneity Forces 

 Fig. 4 shows the variation of the 
inhomogeneity force when temperature rises 
from 400C to 550C. Both normal and planar 
components develop when the temperature 
increases, and the planar component shows 
much smaller in the case of A1 while two 
decimal orders larger in the case of A3. The 
scatter also develops and so the roughness at 
the interface enhances the evolution of the 
inhomogeneity forces. 
 The variation of the inhomogeneity force 
from the model B is shown in Fig. 5 where no 
change is observed. The magnitude of the 
inhomogeneity forces is also not significantly 
exposed. These mean that the temperature 
gradient has no effect to the evolution of the 
inhomogeneity forces. 
 In order to examine the effects of crystal 
morphology, we consider two cases which are 
the magnitude of the inhomogeneity forces in the 
model A1 and the difference between the model 
A2 and the model B1. In the first case, the 
magnitude of the inhomogeneity forces of the 
model A1 are quite small for planar components 
compared to the model A2 and A3 which the 
interfacial roughness are introduced. For the 
second case, the model A2 has the same 
uniform temperature gradient and the same ratio 
of interfacial roughness size to the system’s size 
as the model B1. By comparing their results, a 
significantly difference of the magnitude of the 
inhomogeneity force cannot be observed which 
may implies that the crystal morphology has a 

little effect on the evolution of the inhomogeneity 
force. 

 
Fig. 4 Inhomogeneity forces from model A. 

 
Fig. 5 Inhomogeneity forces from model B. 

 
6. Conclusion 

 We briefly outlined the elastoplastic 
constitutive equations of materials with 
temperature dependence and inhomogeneity 
force based on the concepts of configurational 
mechanics. They are introduced to a model of 
surface coating in a quasi-crystal scale. A strain 
distribution of the film/substrate system is 
simulated by the finite element method. The 
result shows that crystal morphology of the 
substrate has an influence to the strain 
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distribution of the film. And by evaluation of the 
inhomogeneity forces at the interface of coated 
materials under thermal loads with two analytical 
models, the interfacial roughness would be a 
cause of activating the driving force of the 
debonding, while the crystal morphology and the 
temperature gradient have no influence. 
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